Abstract. In holomorphic semigroup dynamics, Julia set is in general backward invariant and so some fundamental results of classical complex dynamics can not be generalized to semigroup dynamics. In this paper, we define completely invariant Julia set of transcendental semigroup and we see how far the results of classical transcendental dynamics generalized to transcendental semigroup dynamics.
Introduction
Let us denote the class of all rational maps on C ∞ by R and class of all transcendental entire maps on C by E . Our particular interest is to study of dynamics of the families of above two classes of complex analytic (holomorphic) maps. For a collection F = {f α } α∈∆ of such maps, let S = f α be a holomorphic semigroup generated by them. Here F is either a collection R of rational maps or a collection E of transcendental entire maps. ∆ is an index set to which α belongs is finite or infinite. Each f ∈ S is constructed through the composition of finite number of functions f α k , (k = 1, 2, 3, . . . , m). That is, f = f α 1 • f α 2 • f α 3 • · · · • f αm . In particular, if f α ∈ R, we say S = f α a rational semigroup and if f α ∈ E , we say S = f α a transcendental semigroup.
A semigroup generated by finitely many holomorphic functions f i , (i = 1, 2, . . . , n) is called finitely generated holomorphic semigroup. We write S = f 1 , f 2 , . . . , f n . If S is generated by only one holomorphic function f , then S is cyclic semigroup. We write S = f . In this case, each g ∈ S can be written as g = f n , where f n is the nth iterates of f with itself. Note that in our study of semigroup dynamics, we say S = f a trivial semigroup.
In classical complex dynamics, each of Fatou set and Julia set are defined in two different but equivalent ways. In first definition, Fatou set is defined as the set of normality of the iterates of given function and Julia set is defined as the complement of the Fatou set. The second definition of Fatou set is given as a largest completely invariant open set and Julia set is given as a smallest completely invariant close set. Each of these definitions can be naturally extended to the settings of holomorphic semigroup S. In this paper, we see that these extension definitions are not equivalent in holomorphic semigroup dynamics. Based on above first definition (that is, on the Fatou-Julia theory of a complex analytic function), the Fatou set and Julia set are defined as follows. Definition 1.1 (Fatou set, Julia set). Fatou set of the semigroup S is defined by F (S) = {z ∈ C : S is normal in a neighborhood of z} and the Julia set J(S) of S is its compliment. Any maximally connected subset U of the Fatou set F (S) is called Fatou component.
, J(S) and I(S) are respectively the Fatou set and Julia set in classical complex dynamics. In this situation we simply write: F (f ) and J(f ). From the definition 1.1, it is clear that F (S) is the open set and therefore, it complement J(f ) is closed set. Indeed, these definitions generalize the definitions of Julia set and Fatou set of the iteration of single holomorphic map.
The fundamental contrast between classical complex dynamics and semigroup dynamics appears by different algebraic structure of corresponding semigroups. In fact, non-trivial semigroup (rational or transcendental) need not be, and most often will not be abelian. However, trivial semigroup is cyclic and therefore abelian. As we discussed before, classical complex dynamics is a dynamical study of trivial (cyclic) semigroup whereas semigroup dynamics is a dynamical study of non-trivial semigroup.
Note that for any holomorphic semigroup S, we have
Definition 1.2 (Forward, backward and completely invariant set). Let f is a map of a set X into itself. A subset U ⊂ X is said to be Let S be a rational semigroup. The completely invariant Julia set of S is the set of the form
where #(G) denote the cardinality of G. The completely invariant Fatou set W (S) of S to be the complement of E(S). That is, W (S) = C ∞ − E(S).
By the similar fashion, we can think completely invariant Julia set and Fatou set of transcendental semigoup. Definition 1.3. Let S be a transcendental semigroup. We define completely invariant Julia set by
The completely invariant Fatou set W (S) is defined as the complement of E(S) in C. That is, W (S) = C − E(S).
Note that in transcendental semigroup S, E(S) exists, is closed and completely invariant under each f ∈ S and it contains the Julia set of each element of S. The corresponding Fatou set is open, completely invariant and contained in the Fatou set of each element of S. We prove the following result which is a generalization of classical complex dynamics to semigroup dynamics. Theorem 1.3. If E(S) has non-empty interior, then E(S) = C.
Indeed, this theorem 1.3 is a good connection between classical transcendental dynamics and transcendental semigroup dynamics.
The set E(S) just we defined above in the definition 1.3 may and may not be the set J(S). The following examples can help to compere the sets E(S) and J(S). Example 1.1. Let S = f, g be a transcendental semigroup generated by f (z) = λ sin z and g(z) = λ sin z + 2π. Then E(S) = J(f ) = J(g). It is also verified that J(S) = J(f ) = J(g). In this case, E(S) = J(S) and so W (S) = F (S) Example 1.2. Let S = f, g be a transcendental semigroup generated by f (z) = λe z , (0 < λ < e −1 ) and g(z) = z − e z + 1 + 2πi. Then J(f ) is a Cantor bouquet and J(g) is different from Cantor bouquet. Both of the functions f and g have a completely invariant Fatou component. In this case,
In this paper, we prove the following result that will strengthen the examples 1.1 and 1.2. Theorem 1.4. Let S = f, g be a semigroup generated by two transcendental entire functions f and g such that J(f ) = J(g). If each function f and g has a completely invariant Fatou component, then E(S) = C.
Results from rational semigroup dynamics
Stankewitz [4] compered the sets J(S) and E(S) from the reference of the following two examples.
Example 2.1. [4, Example-1] Suppose that S = f, g and J(f ) = J(g). Then E(S) = J(f ) = J(g) as J(f ) is completely invariant under f and J(g) is completely invariant under g. Also, if J(f ) = J(g), then J(S) = J(f ) = J(g). So as complement of J(S) and E(S), we have F (S) = W (S).
, where a ∈ C, |a| > 1. Then Julia set J(S) = {z : 1 |z| |a|} which not forward invariant. So E(S) = J(S). In this case, E(S) = C ∞ . Note that J(f ) = {z : |z| = 1} and J(g) = {z : |z| = |a|}. The Fatou set F (S) = {z : |z| < 1 or |z| > |a|} is not S-backward invariant and so
F (S) = W (S). In this case, it is obvious that W (S) = ∅.
On the basis of these two examples, Stankewitz [4] concluded that there are only two possibilities (as mentioned in examples 3.1 and 3.2) for any polynomial semigroups. As a conclusion, he proved the following two theorems ([4, Theorems 1 and 2]).
Theorem 2.1. Let S = f, g be a semigroup generated by two polynomials f and g of degree at least two. If J(f ) = J(g), then E(S) = C ∞ . Theorem 2.2. Let S ′ be a rational semigroup which contains two polynomials f and g of degree at least two.
One of the main result in classical complex dynamics is that if Julia set has nonempty interior, then Julia set explodes and it becomes whole complex plane. This result is generalized to completely invariant Julia set E(S). That is, Stankewitz [4] proved the following result which shows a connection between classical complex dynamics and semigroup dynamics ([4, Lemma 2]). Theorem 2.3. If E(S) has non-empty interior, then E(S) = C ∞ .
Comparison of sets E(S) and J(S) and proof of the main results
In rational semigroup and in particular in polynomial semigroups, there are lot of studies over such completely invariant Fatou sets and Julia sets (see for instance in [4, 5, 6 ] for more detail) but there is nothing study over transcendental semigroup. So, in this paper, we concentrate more on completely invariant Julia set of transcendental semigroup S.
Next, we workout some constructions for the comparison of sets E(S) and J(S) if semigroup S is generated by two transcendental entire functions. Let S = f, g be a semigroup generated by transcendental entire functions f and g. Note that J(h) ⊂ E(S) for all h ∈ S and so h∈S J(h) ⊂ E(S). Let us define the following countable collections of sets:
A ∈ A } and h(A ) = {h(A) : A ∈ A } for any collection of sets A and a function h. The following result will be the convenient description of the set E(S) of a transcendental semigroup S. Proof. By the definition of E(S), it is closed, is completely invariant under each h ∈ S and contains J(h) for all h ∈ S. So we can write
Since the set A∈E A is closed and contains J(h) for all h ∈ S, it remains to show that it is also completely invariant under each h ∈ S. Since h is a continuous closed map, so under each h ∈ S, h( A∈E A) and h −1 ( A∈E A) are closed sets. It proves our claim.
Proof. Since J(h) ⊂ E(S) for all h ∈ S and J(h) is perfect, unbounded and contains an infinite number of points for each h ∈ S. This corollary will be proved if we show E(S) has no isolated points. Suppose α ∈ E(S) is an isolated point. Then it an isolated point of some A ∈ E . Choose a neighborhood U of α so that U − {α} ⊂ W (S) where W (S) is completely invariant Fatou set of S. Since h −1 (W (S)) ⊂ W (S) and h(W (S)) ⊂ W (S) for all h ∈ S, so each h ∈ S omits E(S) on U − {α}, which implies that every element in S is normal on U. Which is a contradiction.
Proof of the theorem 1.3. Let E(S)
• = ∅, where E(S)
• denotes the interior of E(S). Then there exists a disk D = {|z − z 0 | < r} ⊂ E(S) such that it intersects J(h) for some h ∈ S. Then by [2, Theorem 3.9], for each finite value a, there is sequence z k → z 0 ∈ J(h) and a sequence of positive integers n k → ∞ such that f n k (z k ) = a, (k = 1, 2, 3, . . .) except at most for a finite value. Then by backward invariance of J(h), z k ∈ J(h) and by forward invariance of J(h), a ∈ J(h). It shows that every finite value is in J(h), except at most a single value. Since h ∈ S is arbitrary, so we must have E(S) = C.
Proof. If W (S) is bounded, then E(S) has interior points. By the above theorem, E(S) = C, which is a contradiction.
Similar to the description of the sets E(S) in lemma 3.1, we can give analogous description of the Julia set J(S) of transcendental semigroup S. Let us define the following countable collections of sets:
F n where h −1 (A ) = {h −1 (A) : A ∈ A } for any collection of sets A and a function h. The following result will be the convenient description of the set J(S) of transcendental semigroup S. Proof. By the definition of J(S), it is closed, is backward invariant under each h ∈ S and contains J(h) for all h ∈ S. So we can write
Since the set A∈F A is closed and contains J(h) for all h ∈ S, it remains to show that it is also backward invariant under each h ∈ S. Since h is a continuous closed map, so under each h ∈ S, h −1 ( A∈F A) is a closed set. It proves our claim.
Corollary 3.3. For a transcendental semigroup S = f, g , we have J(S) ⊂ E(S).
Proof. Since by construction F ⊂ E , so by theorems 3.1, 3.2, assertion of the corollary follows.
Corollary 3.4. If J(S) has non-empty interior, then E(S) = C.
Proof. This corollary follows from theorem 1.3 and corollary 3.3.
Finally we prove our main result that we proposed in the theorem 1.4.
Proof of the Theorem 1.4. Let U be a completely invariant component of F (f ). Then by [2, Theorem 4 .36], U is unbounded, simply connected and ∂U = J(f ). Likewise, a completely invariant component V of F (g) is unbounded, simply connected and ∂V = J(g). J(f ) = J(g) implies that ∂U = ∂V . By [2, Theorem 3.8], J(f ) and J(g) are unbounded, so U ∩ J(g) = ∅ and V ∩ J(f ) = ∅. The fact ∂U = ∂V implies that J(f ) must intersect interior of V and J(g) must intersect interior of U.
Let z ∈ J(f ) ∩ V • , where V
• is an interior of V . Then by the forward invariance of E(S) and V
• under the map g, so, its nth iterates, that is, g n (z) ∈ E(S) and g n (z) ∈ V • for all n ∈ N. Likewise, we can write f n (z) ∈ E(S) and f n (z) ∈ U • for all n ∈ N. This shows that E(S) intersects open sets U
• and V • . So, E(S) intersects U
• ∩ V • . Since E(S) is perfect and completely invariant set, so it contains all limits of the sequences (f n ) and (g n ). This prove that E • = ∅ and hence E(S) = C.
